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A formula is derived for the number of orbits of a product of permutation in terms of the 
number of orbits of the factors and the nullity of a matrix. 
Counting orbits of a product of permutations 
Let loI denote the number of orbits of the permutation o E S,. In this note, we 
show how to use the geometric ideas of [2] to determine lot1 from 1~1, IrI and the 
rank of a matrix M,,. for general o and t. (In the product or, u is applied first.) 
Our result generalizes that of Cohn and Lemple [l] (which was reproven by Stahl 
[5]) for the case of an n-cycle o and t a fixed point free involution. The key idea 
is to describe a surface S,,. whose vertices are in (l-l) correspondence with the 
orbits of or (also ra) in a natural way and then to use the Euler formula to relate 
(ut] to the rank of the matrix M,,. of the cup product bilinear form on the first 
cohomology group of S,,. (see [2]). Similar treatments of this topic have appeared 
in [3], [4] and [6]. 
The surface S,,., 
Suppose u= a,~,. ..a, and t= rlrz* . . z, are the cycle decompositions of u 
and r, including l-cycles. For each Ui, let D, be a disc whose boundary is 
subdivided into loi] arcs, oriented clockwise, and labeled with symbols from 
1 . . 1 n in such a way as to give Ui when read clockwise. Similarly, D, is defined 
&h rj read clockwise but the arcs oriented counter clockwise. Then S,,. is the 
oriented surface, perhaps disconnected, obtained by identifying, for each i the 
two oriented arcs labeled i. The orientation on S,,. is taken to be that of the D, 
and D, and the cell structure is the obvious one with n edges and k + 1 2-cells. 
The following example illustrates the significance of the vertices of S,,. 
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Example. 
(T = (123)(45)(6) ur = (15)(246)(3) 
z = (256)(134) TO = (1)(24)(356) 
Vertices of S,,. 
Proposition. The vertices of S,,, are in (l-l) correspondence with the orbits of uz 
(or of to). Furthermore, at a given vertex the arcs are alternatively directed in and 
out - the labels on the inward directed arcs read clockwise (in the orientation of 
S,,.) give the corresponding cycle of uz and the outward directed arcs read 
clockwise give zo. 
The preceding example illustrates all the ideas needed for the proof. It follows 
that the Euler characteristic of S,,, is 
x(&J = 14 -n + 14 + ItI. 
In general, the relation between x(S,,.) and the genus g,,. of S,,. is 
complicated by the fact that S,,, may be disconnected. However, it is easy to deal 
with as follows. Consider the equivalence relation on {a,, . . . , ok, zl, . . . , z,} 
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generated by 
Oi - ti iff a, and rj contain a common letter. 
Denote the equivalence classes A, B, . . . and let 
0, = fl ai, r,4 = JJ Zj, etc. 
0,EA T,EA 
Then 
and 
is a disjoint union of connected surfaces. For the remainder of the paper, we 
assume o and t are such that S,,. is connected. Note that this is equivalent to the 
assumption that o and t generate a group that acts transitively. Thus 
X&,.) = 2 - 2gL7.z 
The idea now is to use some of the identifications to assemble all the discs D, 
and D, into a single disc with identifications to be made on the boundary and to 
use Theorem A of [2] to compute its genus. Continuing the example above, the 
pattern of identifications can be described as a “pairing” as follows: 
(123) (45) (6)(256)(134) 
Viewing this as a graph with the Oi and rj as vertices (connected since SO,. is 
connected), the assembly of the D, and D, into a single disc D,,. corresponds to 
the choice of a maximal tree; e.g. the 2,3,5 and 6 edges. In this example, DO,. 
with the tree embedded is 
6 
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The genus g,,, is clearly 0 so x(,9,,.) = 2 and 
2=lazl-n+lal+ltl=latl-6+3+2 
lut( = 3 
In general, 2g,,, is the rank of the matrix M,,. of the cup product bilinear form 
on WL, r; h2) relative to the basis dual to unidentified arcs - specifically, the ijth 
entry of M,. is 1 if and only if the i’s and i’s are “linked” on dD,,.. Thus 
(M,,z)i,j = 1 if and only if i #j and the chord in the disc D,,. joining the centers of 
the two i arcs on dD,,. intersects the corresponding chord for the i arcs. In the 
above example 
- MurT ( 0 = 0 0 0 : 
Determining M,,, (given a maximal tree). 
The maximal tree in the graph with the Ui and rj as vertices identifies certain 
letters as tree letters - namely those whose edges are part of the tree. Then each 
oi and rj can be viewed cyclically as composed of blocks (perhaps empty) of 
non-tree letters separated by individual tree letters. Then the labels on the arcs of 
dD,,. - whose identification gives the surface S,,, - is the product of blocks from 
the Ui and the ti ordered as follows: if block A preceeds a given tree letter in one 
cycle and B follows the same letter in another, then B follows A. Note that M,,. 
is a matrix of size 12 + 1- 1~71 - lrl. 
Theorem. 
IuzI = n - IuI - Iz( - rank(M,.) + 2 
= Nullity(M,,.) + 1. 
Example. 
u = (1234)(5678) 
z = (157)(3468)(2) 
It is quite easy to generate a maximal tree - say the 1,2,5 and 6 edges. The 
non-empty blocks are then 
34 in ul, 78 in a2 
7 in r1 and 834 in t2. 
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The blocks are ordered as 
34 834 78 7. 
(Note that this can be done very algorithmically as follows: 
o = (1234)(5678) 
inverted t = (157)(3468)(2) 
order:m 1 5 6 m 6 1781 5 171) 
Then 
3 4 7 8 
Nullity (M,,.) = 0 so IozI = 1. 
The assembly of II,,. and the chords used to calculate AI,,. in this example are 
shown below. The blocks are read clockwise around G’ZI,,.. 
Finally, we note that the result of Cohn and Lemple corresponds to the choice 
of the tree with only one vertex of degree greater than 1. 
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